Homological and geometric properties of configuration spaces of points in Euclidean space are described. Connections to non-abelian analogues of exterior algebras and mapping class groups are also given.
Introduction
The purpose of this article is to describe features of configuration spaces of ordered q-tuples of distinct points in Euclidean space together with their relation to graded Lie algebras, representations of the symmetric groups, and Poisson algebras. For example, the equivariant homology of these configuration spaces with coefficients in a "Coxeter" representation is a special case of this information. Most of the material described here dates back to the early 1970's [ 111. Some of the material is new and unpublished. All of this information is 'seen through the eyes" of classical homotopy theory.
A smattering of information concerning configuration spaces of surfaces is included.
These results are both analogous to and touch upon the subject of mapping class groups of an orientable Riemann surface. Finally some mention is made of non-abelian analogues of exterior algebras as many important homological features of configuration spaces are captured by these algebras. The article is organized as follows. Section 1: Configuration spaces and little cubes. Section 2: On the homology of ordered configuration spaces. Section 3: Loop spaces. Section 4: Configuration spaces, suspension, and loop spaces. Section 5: Suspension and the homology of configuration spaces. Section 6: A further relation to free Lie algebras. Section 7: Homology of configuration spaces with coefficients in a Coxeter representation. Section 8: Combinatorial group theory, non-abelian analogues of exterior algebras, and the modules Lie(n) . Section 9: Mapping class groups.
Configuration spaces and little cubes
Given a space M define the (ordered) configuration space of q-tuples of distinct points in M as in [25] by The case for which M = JP is special and builds up other configuration spaces in a natural way. In this case, configuration spaces of points in Euclidean space are homotopy equivalent to certain spaces of embeddings which were invented by Boardman and Vogt [3] . Namely, let I = [O, 11 and let c : [O,ll + [0, 11 be given by c(t) = at + b for a > 0, b 2 0, and 1 2 a + b. Thus c is an orientation preserving afIine embedding of I into itself; it is a "little one cube". Define I" = [ 0, 1 ] n and let c':I"---+I" be given by c'= ct x . . . x c,, where ci( t) = ai( t) + bi is a "little one cube". The space of q little n-cubes is the set of q-tuples C,(q) = ((69. ..,Zq) I(l) Each ci + is a little n-cube. given by sending 6 to its center; thus setting z = (l/2,. . . , l/2) E I", define e(ci,. . .,q = (G(z),. . .,ZqCz)).
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The following lemma was observed in work of Boardman and Vogt [ where F(lP,O) = B(W",O) = * is the point. The spaces M(n) and B(n) admit homotopy associative multiplications which are induced by actions of "little cubes". Namely, fix (cl, cp) in C,( 2) and define
which when restricted to F(F,q) x F(lR",s) sends ((XI,. . . ,x,), (~1,. . . ,ys)) to (Cl(XI) ,...,CI(X,),C2(Yl),..., c2 ( ys) ) . 'Ihe multiplication on B(n) is defined analogously. The space B(n) is homotopy equivalent to C, (9) in the language of [ 331. If n > 2, then B(n) is homotopy abelian. However M(n) is never homotopy abelian if n < 00.
A small modification of the spaces M(n) and B(n) gives homotopy equivalent spaces which support strictly associative multiplications. Consider the space llU+ = {(Xl,..., ~,)~lR"I~i>O}andlet M(n)' = J.JWq,q). 920 
(2) (3) with &,I = Zi,i +maxi<j<q{yj,r}. The pairing ,u' endows M(n)' with the structure of an --associative monoid with an identity. The homology of M(n)' thus gives an associative algebra with additional structure which is closely related to the free lie algebra and is explicated in Sections 4-6.
The pairing 1~' is the analogue for configuration spaces of the construction given by the Moore loop space [ 351.
On the homology of ordered configuration spaces
The homology groups of ordered configuration spaces of points in lP are built up out of certain natural summands of free Lie algebras. This connection is derived through a second natural connection with function spaces although one can obtain these algebraic properties directly. Indeed this is the point of view given in [ 1 l] where the results below were first obtained, First, the homology of the configuration space must be given.
The following arises from an elementary calculation. If n 2 2, then the integral cohomology ring of F(lP, q) is generated as an algebra by elements
Ai,j, l<j<ilq,
where Ai,j is of degree n -1. A complete set of relations is specified by
(1) Atj=O, (2) Ai,jAi,k = Ak,j( Ai,k -Ai,_/) if j < k, and (3) associativity and (graded) commutativity. The point of this calculation is that l the relation At = 0 corresponds to anti-symmetry law in a graded Lie algebra while l the relation for Ai,jAi,k in (2) corresponds to the Jacobi identity. The proofs are direct, sketched below, and were given in [ 1 l] with the mildly different notation (Yi*_t j = Ai,j. The cohomology ring of F(R*, q) was also given in [ 11. The initial step is to notice that there is a homotopy equivalence C$ : 9-t -F(W",2)
given by q&x) = (x, -x) with S"-' regarded as the locus of points in R" of norm 1. A homotopy inverse for 4 sends (x, y) to x fi. The second step is to consider the projection maps To check relation (2), it suffices to check the case i = 3, j = 2, and k = 1 by applying the prOjeCtiOnS pi,j,k : F(W",q) -+ F(Rn,3) ghWl by pi,&(Xt,...,Xq) = (xk,xj,xi) for k < j < i. The cases for which n = 2, 4, or 8 are special but are illustrative.
Namely if A4 = G is a topological group, there is a homeomorphism
given by h(gt,. . * ,g,) = (g1, (g,'g*v * * . , g;'gq) ) . Thus there are homeomorphisms F(IW",q) -IV x F(IW" -{O},q-1) and
Thus if II = 2 or 4, there are homeomorphisms
Hence if n = 2 or 4, then there are isomorphisms
whileH'F(lR",3) iszerofori>Oandi # n-1,2(n-l).Ifn> 1, thenananalogous isomorphism can also be obtained by observing that the Serre spectral sequence for the fibration 7rz.t : F(R", 3) -+ F(R", 2) collapses. Namely, the projection maps
where ~1 denotes projection to coordinates (il, i2,. . . , il) = I with il < i2 < -. . < il gives a fibre bundle with fibre F( IR" -Ql, k -I) where Ql is a subset of lP having cardinality 1 [ 251.
For the moment, restrict attention to the homeomorphism The action of the symmetric group Zq on Ai,j in the cohomology of F( IF??, q) is specified by
The sign arises through the homotopy equivalence q5 : S"-' + F(JR", 2). Notice that 4(-z) = (1,2)4(z). Thus the sign (-1)" is the degree of the antipodal map which is itself given by multiplication by -1.
The cohomology ring for F(R", k) for all n > 1 and all k follows similarly by an application of the Serre spectral sequence for the fibrations T : F(R", k) ---) F(R", k -1).
Loop spaces
This section provides well-known information concerning (iterated) loop spaces. This information is used in conjunction with Section 2 to give one of the strong links between the homology of configuration spaces, graded Lie algebras, and Poisson algebras.
Consider a pointed space X with base-point given by *. The n-sphere is the locus of points in IF+' of norm 1; the n-sphere will sometimes be required to be pointed. Define
A"X=map(S",X)
and iY'X=map,(S",X), where (1) n"X is the space of all continuous functions from S" to X topologized with the compact open topology and (2) flX is the subspace of K'X given by those functions which preserve the base-point. Throughout this article all spaces X are required to be of the homotopy type of a connected CW-complex (although these hypotheses are frequently unnecessarily restrictive).
The (unbased) function space n"X does not, in general, support a multiplication up to homotopy; namely A"X is not, in general, an H-space unless X is an H-space (or topological group).
The notion of an H-space is a generalization of a topological group; it is of use in the subject of loop spaces and will be defined in the next paragraph. The spaces 0'X always support the structure of an H-space and, if n 2 2, there is a homotopy abelian multiplication.
A space X is said to be an H-space provided (i) it is a pointed space with base-point *, (ii) there is a continuous function p : X x X ---) X which is called the multiplication, and (iii) the composites X-=+XxX&X and X-XxX&X are homotopic to the identity map on X given by I. If X is a topological group, * is the identity element. The suspension of X is given by ZX = St x X/ ( St x *U * x X) . There is an evaluation map e:%?X-X
given by e [ z, f] = f( z ) . Furthermore, the homology of XX is isomorphic to that of X with a degree shift: there are isomorphisms
Thus there is a homomorphism called the homology suspension, u*, given by the composite
The homology of many loop spaces are reasonably well-understood. The map u* is quite useful here. The first basic example is that of UX. Assume that R is a ring, that H, (X; R) is R-torsion free and let V = R,( X; R), the reduced homology. The Bott-Samelson theorem [9] states that there is an isomorphism of algebras
where T [ V] denotes the tensor algebra generated by V. A combinatorial "model" for RZX was given by James [ 301; this construction, JX, is known as the James construction and is equipped with a map y : JX -+ &5X which is a homotopy equivalence for all connected CW complexes X. The homology of JX and thus OZX can be deduced directly from the Ktinneth theorem. Furthermore, JX is given by the free topological monoid generated by X with the base-point * acting as the identity element.
Recall that T [ V]
is a graded Lie algebra with the Lie product [a, 61 given by a @I b -( -1) laM b %I a where 1 y ( denotes the degree of the element y. The sub-Lie algebra of T [ V] generated by V is the free Lie algebra L [ V] .
The homology of n"PX behaves well. If n 2 2, there is usually torsion in the homology of these spaces. Thus the homology is usually described with coefficients in a field P. The simplest case occurs when F has characteristic zero and so this case will be addressed next.
Given a graded module M, define unM to be M with all degrees raised by n. Next
denote the symmetric algebra generated by the module M.
If F has a characteristic zero and n 2 1, then there is an isomorphism of algebras
The proof of this last statement is classical and follows at once from [9, 10, 34] and the Bott-Samelson theorem. An outline of this last result is given in Section 4 where these results are linked to the homology of configuration spaces.
If F is now taken to be the prime field lFP, there are analogous results. For the remainder of this section, let F = lFP and fi*(X, IF,) = V. As before L [ V] denotes the sub Lie algebra of T[ V ] generated by V. Write tP [ V] for the vector space in T [ V] which is the linear span of all pth powers of even degree elements in L [ V] for an odd prime p or all pth powers if p = 2. If X itself is a suspension, then the module of primitive elements in iY, The homology groups of n"_YX, the space of all continuous maps of S" to PX, are not as well understood. The case of n = 2 is of interest in the study of mapping class groups and is alluded to in Section 9.
Configuration spaces, suspension, and loop spaces
The purpose of this section is to describe the connection between configuration spaces and loop spaces.
A basic construction of Boardman and Vogt [ 31 is the action of the space of j "little n-cubes" C,(j) on L?"X. Namely, there are maps for c_r in Zj. The map 0 enjoys other properties with respect to composition of "little cubes" and a thorough study is given in [ 331. As described earlier, there exist homotopy equivalences
which are equivariant. Configuration spaces can be regarded as "bricks" from which certain function spaces can be built. One example is the space 0"S"X described in Section 3. Related examples are given by A"_Z"X for certain choices of X where these latter spaces fit with mapping class groups associated to Riemann surfaces. Other function spaces can be approximated in similar ways [ 451.
To start, the preceding paragraph will be made precise. Recall that X is assumed to be a connected CW-complex. Let C (M, X) be the equivalence classes of pairs [S, f] where ( 1) S is a finite subset of the space M and f is a function from S to X, and (2) [s,f] isequivalent to [S-{q},fJ~-{~) l if andonlyif f(q) =*. The space C(R",X) provides a link between function spaces and configuration spaces as follows [ 33,391: ( 1) there is a map C(W",X) -LFFX which induces an isomorphism in homology (where X is path-connected) and (2) C (R", X) is a quotient of the disjoint union of configuration spaces II F(lP, k) X& Xk. By [ 11, 33, 40] there are isomorphisms of homology groups
K(F,-IC(R'X)
VD,W',X)) -HdF,CW',X)).
These isomorphisms are, in a sense, realized by maps of spaces and are described below.
In addition, write Eq(R", X) for the quotient space C(lP, X)/FqC(R", X). There are isomorphisms on homology given by H,(F,CW',X) VE,W',X)) -Kz(CW',X)).
The sense in which these isomorphisms are induced by maps of spaces is given next.
The following was described in [ 191 
V.Z2nqEq(R",X). k=l
That LT'BX admitted an analogous stable decomposition had already been proven in [40] .
These properties are special cases of more general theorems: The proof of this equivalence also follows methods of Dold [21] and is obtained by "adding" all subsets of a finite set in appropriate context.
Suspension and the homology of configuration spaces
Recall the homology suspension CT* : HqOX + H,+lX. There are operations in the homology of iterated loop spaces which are compatible with u*. where i is a fixed choice of generator for H,,C,+I (2) x Z. These operations were invented in [ lo] while a more detailed analysis is given in [ 111; the operation given by A, is analogous to a Lie bracket. Direct homological calculations together with a chain level argument for case (1) give the following information in [ 111:
( 1) (Commutation with suspension) (+*&(X9 y) = An-1 ((T*x, a*y).
(2) (Poisson algebra structure)
A,(x*y,z) =.x.hn(y,z) 
S[ e+'L[ o-v] ] @ S[a_"L[ o-v] I.
Give this algebra a differential by requiring
and requiring d to be a derivation of graded algebras. Evidently, the homology of the above chain complex is trivial. There is a morphism of chain complexes from this algebra to the Serre spectral sequence associated to the fibration PL?"2'"+'X -+ @2'+'X with fibre V+' F'X. An induction on n together with a comparison gives an algebra isomorphism
S[a-"L[a"V]] -H,(@+'Y+'X;Q)
ifn> 1.
A similar result applies in case coefficients are taken in lFP while the proof is analogous. The details are given in [ 10,111.
With this language, the connection between the homology of configuration spaces and Lie algebras follows directly. Recall that a basis for Ht"jk( 
.]#.I&] in umnL[a"V].
In addition, there is a finer decomposition of T[ o-T] than that given by the PoincareBirkhoff-Witt theorem which follows from the above remarks. Namely, the algebra
S[a-"L[a"V]]
is filtered via weights of Lie elements. This filtration corresponds to the filtration of
H,(F(R"+' ,k);W @& V@&
obtained by homological degree in the left-hand factor [ 
Notice that there is a direct sum decomposition of S[ u-~,!,[ a"V] ]
given by C3 &,1(n).
k,l>O
This decomposition is given in a second way which corresponds to the homology of F(W", k). Namely, there are vector space isomorphisms
Thus the homological degree for the configuration space corresponds to a finer stratification of a tensor algebra than one ordinarily expects from the classical PoincareBirkhoff-Witt theorem. These remarks are proven in Theorem 12.3 of [ 11, p. 3021, (
1) Ifn is odd, then H~,_I,,,_l,(F(IW",q);g) isisomorphictoLie(q) asa Z[&,lmodule. (2) If n > 0 and n is even, then Hi,-I)(,-I,(F(W",q);Z) is isomorphic to Lie(q) @Z Z(-1) as a Z[&]-module.
More is true. Recall the associative monoid M(n)' given in Section 1 by M(n)' = u F(R;, 4). @a
The homology ring of M(n)' is a naturally bigraded algebra A,,(n) with A,,q(n) = &(F(R:,q)).
The algebra A(n) = @ AP,q(n) P&O has more structure. In particular the module A,,(n) is a module over the group ring of Zq for all p and n. Write The verification of this fact is a straightforward calculation with the Ai,j and was described in the preceding section. The next theorem follows at once.
Theorem 6.2. The graded module of symmetric indecomposables Q" for A(n) is isomorphic to

G3
Lie(q) @Z((-l)"+')
Related calculations using classical representation theory were given subsequently in [31] and [38] .
Homology of configuration spaces with coefficients in a Coxeter representation
Assume that G is a group, F is a field, and L is a graded F[ G]-module. Given a space X with proper G action and orbit space denoted X/G, the homology of X/G with (possibly twisted) coefficients in L is defined to be
where S,X is the singular chain complex of X. Thus the tensor product SJ @ L is twisted by the two G-actions. This isomorphism has been exploited in [ 81 in case X is a sphere to work out the homology of configuration spaces. It has also been exploited in [ 7, 14, 15 ] to work out the homology of certain mapping class groups. Some of this information concerning mapping class groups is listed in Section 9 here and in the articles [2, 7, 15, 16, 18] .
Other analogous results with M = N x R" are given in [ 191. Returning to coefficients in a particular choice of representation, consider The point of this observation is that the homology of spaces B( M, k) with coefficients in a Coxeter representation V(Z) are given in terms of the homology of function spaces with coefficients which are not twisted. The answers for M = BN are given in [ 11, pp. 237-2431 in terms of H,0N2NX. Some examples were given subsequently in [43] . These methods have also been used in [ 81. There is yet another filtration for the space C ( RN, X) . The point set topology of the "little N-cubes" is more convenient here. Namely, the "gravity filtration" [41] for the space CN( X) gives a spectral sequence abutting to E, ( flBNX) for any homology theory. In favorable circumstances, the ET-term, r > 2, agrees with that of the EilenbergMoore spectral sequence.
Combinatorial group theory, non-abelian analognes of exterior algebras, and the modules Lie(n)
The modules Lie(n) occur naturally as subgroups of the group of units for certain non-abelian analogues of exterior algebras. The group of units in turn "assembles" all of the modules Lie(n) into a single iterated central extension of discrete groups H,, which are discussed below. In addition, the groups H,, are filtered by subgroups. The associated graded to this decreasing filtration tweezes apart all of the Lie(q), 1 5 q 5 n and endows n G3 Lie(q) 4=1 with the natural structure of a graded Lie algebra. The Lie product is itself obtained induced by forming commuters in H,, and is an analogue of the classical shuffle product appearing in work of Eilenberg and Zilber [ 241 and Ree [ 371.
The applications of the groups H,, have been in classical homotopy theory [ 171. Their structure is quite useful and provide a natural context for the modules given by the homology of configuration spaces. These groups are described below; proofs of assertions are given in the sequel to [ 171. Here choose a free abelian group of rank n . [x,(1),x,(2)1 . . .Ix,(~-~) ] E Lie(n -q), and (3) [AvBl ~~~~~~~~~~~~~~~~~,~~~l~~~l~~,~,,lr~~~~~~~,~~~~~~,~~~l~~~l~~,~,_ where the sum is taken over all shufles il < i2 < . --< i,, and jl < j2 < . . . < j,,_,.
Mapping class groups
Configuration spaces give information concerning mapping class groups of an orientable surface. This structure is analogous to that between configuration spaces of points in W" and n-fold loop spaces. Some of this structure is discussed here.
Let S, be a closed orientable Riemann surface of genus g. Let Diff+( Sg; k) denote the group of orientation preserving diffeomorphisms of S, which leave a fixed set of k distinct points invariant. Define the mapping class group r,k to be ~0 Diff( Sr; k), the group of components for Dip (,I$; k) . There are versions where one requires boundary components and diffeomorphisms which fix the boundary. These additional structures will not be discussed here.
Evidently Die (Ss) acts diagonally on F( S,, n) and thus on B( S,, n) . If g 2 1, then B (S,, n) is K( Bi, 1) where Bi is the nth braid group for the surface S, [ The following results were observed in [7, 13, 16 ,17] although they are probably "folk theorems":
(1) If g=O and n 2 3, then Xo,n = K(G, 1).
Furthermore Xc,,, is homotopy equivalent to
ESO(3) XSO(S) B(&,n).
(2) If g= 1, and n 2 2, then X1.n = K(T;, 1).
X g,n = UT;, 1).
Furthermore, the groups ri, are used to obtain information about the groups c for $ < g. The cases for which g = 0, 1, or 2 are special. Namely, the genus 0 case gives which exhibits some properties analogous to the cyclic homology of certain algebras [ 16,171. If g = 0, 1, or 2, some examples of this construction have been computed via the function space methods which were described earlier in this article. Namely, these homology groups are described in terms of the homology of certain function spaces, a connection described in the next two paragraphs. One of the reasons for addressing surfaces with punctures is that information concerning surfaces of low genus with punctures gives information about surfaces of higher genus via the theory of branched covers. A classical example which illustrates this last phenomenon is given by the surjection c + r$ with kernel Z/22. This information is used in [2] to work out the homology of c from that of I$. An illustration of the utility of this remark is as follows. Let V be a graded vector space over a field F with V = I?, (X; IF) for a path-connected space X = 2X'. If g 2 2, there are isomorphisms here map (S,, X) is the space of all continuous maps of S, to X [ 17,181. These algebraic constructions have some properties analogous to cyclic homology [ 
161.
If g = 0 or 1, there are analogous properties with some anomalous behavior for fi with n 5 2 [7, 18] . This method gives a direct calculation of H,(T& F) for all ?I 2 3 [7, 15] .
These methods have been used to work out the homology of certain "moduli" spaces:
(1) F(@P',n), 
